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Problem 4.32

(a) Find the eigenvalues and eigenspinors of S,,.

(b) If you measured S, on a particle in the general state x (Equation 4.139), what values might
you get, and what is the probability of each? Check that the probabilities add up to 1.
Note: a and b need not be real!

(c) If you measured Sﬁ , what values might you get, and with what probabilities?

Solution

Part (a)

The matrix S, is in Equation 4.147 on page 168.

S_EO—i_O_%
Yoo ld 0| 0

Start by finding its eigenvalues.

det(Sy — Al) =0
Y _% .
2 )\
()
22— T =0

() ()

As a result, the eigenvalues (the possible measurements of Sy) are

h
and Ay = 5

h
A = —
2

Now find the eigenvectors (or rather eigenspinors in this context) associated with these
eigenvalues.

(Sy — /\—I)X(—y) =0 (Sy — /\+|)X$/) =0
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Write the system of equations implied from each matrix equation.

h h
51‘1—%332:0
ih b
g 1Ty =

1 —txe =0
11 +2x2 =0

To = —1Iq

w2 =x ]

Choose x1 so that each eigenvector is normalized.

w1 + =iz > =1

x%+x%:1
212 =

2
] ==
T2
1
Tl =—=

h 10

~501 = 5@ =0
10 h
201572 =0

—x1 —txo =0
i$1—$2:0

To = 121

x%+x%:1
222 =1

1

2:7

Xy B

Therefore, the eigenvalues and associated normalized eigenspinors are

and

Part (b)

h
AL = 4+
+ +2

@ _ 1 |1
W=7l

If you measure S, on a particle with spin 1/2 in the general state,

|

where |a|? + |b]? = 1, then you can get two results: —A/2 and +h/2.
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The probability of measuring —#/2 is the modulus squared of the component of |x) along | X(_y)).

p (_ﬁ> _ c(y>‘2
5 _

1
= 5|a+ib|2

1 . .
= i(a—i—zb)(a—l—zb)

1 . . ax
= 5(a—|—1b)(a — ib")

1
= §[aa* + bb* —i(ab® — ba™)]

ab* — (ab*)*

_1 2 2
= S(laP + ) + =

1
= 5 (lal* + [bl*) + Tm (ab")

The probability of measuring +7%/2 is the modulus squared of the component of |y) along | X%)).

2
P (—I—Z) = c(f)
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Simplify the result.

1
= 5‘@ — lb’z

- %(a — ib)(a — ib)*

- %(a —ib)(a* + ib")

1
= §[aa* + bb* +i(ab” — ba™)]

ab* — (ab*)*

_ 1 2 2

1
= 5 (laf* + [b*) — Tm (ab")

Therefore,
h h L. 2 x L o 2 %
P ) +P —|—§ = §(|a\ +16)%) + Im (ad™) | + 5(\a| +16]%) — Im (ab™)
= Jaf? +[bP
=1.
Part (c)

Compute the matrix 512/'

SQ_SS_EO—Z'EO—Z'_EQO—Z'O—i_zzlo_%zo
vy o ld 0f20d 0 4 i Of[i 0] 40 1] |,

Compute its eigenvalues.

h2
A=

Therefore, +h?/4 is the only possible value if 5’5 is measured. The probability it occurs is 1.
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